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CALABI-YAU VARIETIES WITH SEMI-STABLE FIBRE
STRUCTURES
YI ZHANG AND KANG ZUO
Abstract. Motivated by the Strominger-Yau-Zaslow conjecture, we study
Calabi-Yau varieties with semi-stable fibre structures. We use Hodge theory to
study the higher direct images of wedge products of relative cotangent sheaves
of certain semi-stable families over higher dimensional quasi-projective bases,
and obtain some results on positivity. We then apply these results to study
nonisotrivial Calabi-Yau varieties fibred by semi-stable Abelian varieties (or
hyperka¨hler varieties).
The mirror symmetry conjecture is based on the suggestion that two sigma-
models in superstring theory are equivalent. The targets of the models are Calabi-
Yau 3-folds, so mirror symmetry predicts that these should come in pairs, M
and M˘ , satisfying hp,q(M) = hp,3−q(M˘). Recently Strominger-Yau-Zaslow no-
ticed in [17] that String Theory suggests that if M and M˘ are mirror pairs of
n-dimensional CY manifolds, then on M should exist a special Lagrangian n-tori
fibration f : M −−→ B, (with some singular fibres) such that M˘ is obtained by
finding some suitable compactification of the dual fibration.
Motivated by the Strominger-Yau-Zaslow conjecture, we study the fibration
f : X → Y, where X is a Calabi-Yau type projective manifold.
Definition 0.1. (Calabi-Yau manifolds).
1. A projective complex manifold Y is called Calabi-Yau if the following condi-
tions are satisfied :
a) the canonical line bundle ωY of Y is trivial;
b) H0(Y,ΩpY ) = 0 for p with 0 < p < dimY.
2. A compact Ka¨hler manifold Y is called hyperka¨hler if it is of dimension 2n ≥ 4
and the following conditions are satisfied :
a) there is a non-zero holomorphic two form βY unique up to scalar such that
det(βY ) is nowhere zero;
b) H1(Y,OY ) = 0.
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3. A compact Ka¨hler manifold Y is called Calabi-Yau type if its canonical line
bundle ωY is trivial. (Thus, Ableian varieties and hyperka¨hler manifolds are
Calabi-Yau-type.)
Remark. If Y is hyperka¨hler, then dimH2(Y,OY ) = 1, and ωX is trivial.
Studying projective manifolds with semi-stable fiber structures by Deligne’s
Hodge theory and the semi-positivity package, we then have :
Theorem 0.2. Let f : X → Y be a semi-stable family between two non-singular
projective varieties with
f : X0 = f
−1(Y0)→ Y0
smooth, S = Y \ Y0 a reduced normal crossing divisor and ∆ = f ∗S a relative
reduced normal crossing divisor in X. Assume that f satisfies that
a) the polarized VHS Rkf∗QX0 is strictly of weight k;
b) Hk(X,OX) = 0;
c) Y is simply connected.
Then f∗Ω
k
X/Y (log∆) is locally free on Y without flat quotient, and S 6= ∅. More-
over,
degC(f∗Ω
k
X/Y (log∆)) > 0
for any sufficiently general curve C ⊂M.
Based on the above theorem, we consider Calabi-Yau varieties fibred by semi-
stable Abelian varieties (or by hyperka¨hler varieties) over CP1, and then we obtain
the following one of our main results:
Theorem 0.3. Let f : X → P1 be a semi-stable family fibred by Abelian varieties
such that
f : X0 = f
−1(C0)→ C0
is smooth with finite singular values S = P1 \ C0 and a normal crossing ∆ =
f−1(S). Assume that X is a projective manifold with trivial canonical sheaf ωX
and H1(X,OX) = 0. Then, f is nonisotrivial and dimX ≤ 3.
In particular, if X is a Calabi-Yau manifold then X is one of the following:
a) K3 with #S ≥ 6. Moreover, if #S = 6 then X → P1 is modular, i.e., C0 is
the quotient of the upper half plane H by a subgroup of SL2(Z) of finite index.
b) Calabi-Yau threefold with #S ≥ 4. Moreover, if #S = 4 then this family
is rigid and there exists an e´tale covering π : Y ′ → P1 such that f ′ : X ′ =
X ×P1 Y ′ → Y ′ is isogenous over Y ′ to a product E ×Y ′ E, where h : E → Y ′
is a family of semi-stable elliptic curves and modular.
Furthermore, we consider Calabi-Yau varieties fibred by semi-stable Abelian
varieties with higher dimension base Y, the result in [25] shows that the base Y
must be rational connected(cf. Fact 2.4 in section 2).
3Consider a rationally connected manifold Z. Let D∞ be a reduced normal
crossing divisor in Z. One can choose a very freely rational curve (not necessary
smooth) C intersecting each component of D∞ transversely, then
π1(C ∩ (Z −D∞))։ π1(Z −D∞)→ 0 is surjective.
Actually, Kolla´r’s results on fundamental groups show the following fact:
Proposition 0.4 (cf. [13]). Let X be a smooth projective variety and U ⊂ Z be
an open dense subset such that Z \U is a normal crossing divisor. Assume that Z
is rationally connected. Then, there exists a very free rational curve C ⊂ Z such
that it intersects each irreducible component of Z \ U transversally and the map
of topological fundamental groups π1(C∩U)։ π1(U)→ 0 is surjective; moreover
a) if dimZ ≥ 3 then C is a smooth rational curve in Z, and
b) if dimZ = 2 then there is an immersion h : P1 → C ⊂ Z.
With the above proposition 0.4, we apply Theorem 0.3 and immediately obtain
the following result:
Theorem 0.5. Let f : X → Y be a semi-stable family of Abelian varieties between
two non-singular projective varieties with f : X0 = f
−1(Y0) → Y0 smooth, a
reduced normal crossing divisor S = Y \Y0 and a relative reduced normal crossing
divisor ∆ = f ∗(S) in X. Assume that
a) the period map of the VHS R1f∗(QX0) is injective at one point in Y0;
b) the canonical bundle ωX is trivial and H
0(X,Ω1X) = 0.
Then, the dimension of a general fibre is bounded above by a constant dependent
on Y.
With similar methods, we consider any Calabi-Yau variety fibred by semi-stable
hyperka¨hler varieties, and show the base manifold is rationally connected such
that the dimension of a general fibre is bounded above by a constant depending
on the base, moreover if the base is CP1 then the dimension of a general fibre is
four (see Theorem 3.1 and Theorem 3.2 in section 3).
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1. Preliminary
LetM be a smooth m-dimensional complex quasi-projective variety, M ⊂M a
smooth projective compactification such that M −M = D∞ is a reduced normal
crossing divisor. Let j :M
⊂−−→M be the open embedding.
Let H be an arbitrary polarized variation of R-Hodge structures (VHS for
short) over M with unipotent monodromies around D. Let H = H ⊗ OM , a
holomorphic vector bundle, H = F0 ⊃ F1 ⊃ · · · ⊃ Fw ⊃ 0 the Hodge filtration
with vector bundles(Hodge bundles). w will be called the weight of the VHS. Fw
will be denoted F b, here the sign b is for bottom, i.e., F b is the lowest piece of
the Hodge filtration(cf. [15]).
Deligne’s canonical extension of a VHS. We consider a special coordinate
around o ∈ D, i.e., it is a coordinate neighborhood △o ⊂ M of o which is
isomorphic to ∆n, and
M∩△o = {z = (z1, · · · , zn) | z1 6= 0, · · · , zl 6= 0 for some 1 ≤ l ≤ n} ∼= (∆∗)l×∆n−l.
In particular,
△o ∩D∞ = {z = (z1, · · · , zn) | z1 · · · zl = 0}.
Let γα be a local monodromy around zα = 0 in △o for α = 1, · · · l. Nα = log γα
is thus nilpotent.
Choose a flat multivalued basis (v·) of H over △o ∩M. The formula
(v˜·)(z) := exp(
−1
2π
√−1
l∑
α=1
log zαNα)(v·)(z)
gives a single-valued basis basis of H. Deligne’s canonical extension H of H to
△o is generated by (v˜·) (cf. [3], [15]). The construction of H is independent of
the choice of z′is and (v·). Obviously, H is locally free.
Denote by Fp := H∩ j∗Fp. Thanks to the nilpotent orbit theorem (cf.[2],[15]),
H = F0 ⊃ F1 ⊃ · · · ⊃ Fw ⊃ 0
is a filtration of locally free sheaves.
The Higgs bundle associated to a VHS. Let ∇ be the Gauss-Manin con-
nection on the Hodge bundle H. The Deligne canonical extension H of H and
the nilpotent theorem allow the Gauss-Manin connection extend to be an regular
connection
∇ : H → H⊗ Ω1
M
(logD∞)
with the Griffiths transversality:
∇ : Fp → Fp−1 ⊗ Ω1
M
(logD∞) p = 1, · · · , w.
5Denote by
E
p,w−p
= Fp/Fp+1 p = 1, · · · , w.
the Griffiths transversality allows OM -linear morphisms
θp,q : E
p,q → Ep−1,q+1 ⊗ Ω1
M
(logD∞),
for p = 1, · · · , w and p + q = w. We then have the Higgs bundle
(E :=
⊕
E
p,q
, θ :=
⊕
θp,q),
i.e., θ : E → E ⊗Ω1
M
(logD∞) is an OM -liner morphism with θ ∧ θ = 0 (cf. [16]).
Kolla´r’s decomposition. We recite the results of Proposition 4.10 and Remark
4.11 in [10].
Definition 1.1. A smooth projective curve C ⊂ M is sufficiently general if it
satisfies that
(1) C intersects D∞ transversely;
(2) π1(C0)։ π1(M)→ 0 is surjectve where C0 = C ∩M.
Remark. There are many sufficiently general curves : Let C be a complete
intersection of very ample divisors such that it is a smooth projective curve in
M intersecting D∞ transversally. The quasi-projective version of the Lefschetz
hyperplane theorem(cf.[6]) guarantees the subjectivity of π1(C0) ։ π1(M). But
we note that a curve C is sufficiently general does not mean that it must be a
complete intersection of hyperplanes.
Theorem 1.2 (Kollar). Let M be a quasi-projective n-fold with a smooth projec-
tive completion M such that D∞ = M −M is a reduced normal crossing divisor.
Consider the lowest piece F b of the Hodge filtration of a polarized VHS H on
M. Assume that all local monodromies of V are unipotent. There is a unique
decomposition for the canonical extension F b of F b
F b = A⊕ U ,
such that A has no flat quotient and U is a unitary flat bundle on M. Moreover,if
C is a sufficiently general curve in M then A|C is an ample vector bundle on C.
The Fujita-Kawamata’s Semi-positive package. We recite the Semi-positive
package in [7] and [8].
Definition 1.3. Let π : X → Y be an algebraic fibration with d = dimX−dimY.
We say π satisfies the unipotent reduction condition (URC) if the following are
held :
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(1) there is a Zariski open dense subset Y0 of Y such that D = Y \ Y0 is a
divisor of normal crossing on Y , i.e., D is a reduced effective divisor and
if D =
∑N
i=1Di is the decomposition to irreducible components, then all
Di are non-singular and cross normally;
(2) π : X0 → Y0 is smooth where X0 = π−1(Y0);
(3) all local monodromies of Rdπ∗QX0 around D are unipotent.
The URC holds automatically for any semi-stable family.
Theorem 1.4 (Kawamata). Let π : X → Y be a proper algebraic family with
connected fibre and ωX/Y := ωX ⊗ π∗ω−1Y be the relative dualizing sheaf. Let
F be the bottom filtration of the VHS Rdπ∗QX0 where X0 = f−1(Y0) and d =
dimX − dimY. Assume that π satisfies URC, then we have :
1. π∗ωX/Y = F is locally free,where F is the Deligne canonical extension of F
over M.
2. π∗ωX/Y is semi-positive, i.e., for every projective curve T and morphism g :
T → Y every quotient line bundle of g∗(π∗ωX/Y ) has non-negative degree.
In this paper, we also need the following result in [9]:
Corollary 1.5 (Kawamata). Let Y be projective manifold and let Y0 be a dense
open set of Y such that S = Y \ Y0 is a reduced normal crossing divisor. Let H
be a polarized VHS of strict weight w over Y0 such that all local monodromies are
unipotent.
Assume that
TY,p −−→ Hom(Fwp ,Fw−1p /Fwp )
is injective at p ∈ Y0 where Fw =: F b is the lowest piece of the Hodge filtration of
the VHS H. Then, detF b is a big line bundle,where F b is the canonical extension
of F b.
Proof. The form c1(F b, h) on Y0 is a current on Y and represents the Chern
class C1(F b) due to Cattani- Kaplan-Schmid’s theorem (cf.[2]).We can calculate
c1(F b, h) as follows :
Let N = (F b)∨ and h is the Hodge metric on H = H ⊗ OY0 . Then, we have
the curvature form
Θ(N , h) = −θ ∧ θ¯h|N + A¯h ∧A on Y0
where A is the second fundamental form of N (cf. [15]), and θ(N ) = 0 on Y0 by
the Griffiths transversality.
On the other hand, the lemma 2.6 in [20] or Theorem 0.1 in [27] shows that∫
Y0
c1(F b, h)dimY > 0,
7by the injectivity of the morphism TY,p → Hom(Fwp ,Fw−1,1p ). Since det(F b) is a
nef line bundle by Theorem 1.4, The Rienamnn-Roch Theorem says that det(F)
is big, or we can obtain the bigness by Sommese-Kawamata-Siu’s numerical cri-
terion:
If L is a hermitian semi-positive line bundle on a compact complex manifold
X such that
∫
X
∧dimXc1(L) > 0, then L is a big line bundle on X. In particular,
if the line bundle L is nef with (L)dimX > 0, then L is big.

Families of Calabi-Yau-type manifolds. Let (Y, L) be a polarized manifold.
Let
π : (Y, (Y, L))→ (Nc1(L), 0)
be the polarized Kuranishi family and D the classifying space of the polarized
Q-Hodge structure of
Hnprim(Y,C) := Ker(H
n(Y,C)
∧c1(L)−−−−→ Hn+2(Y,C)).
Theorem 1.6 (Bogomolov-Tian-Todorov [18],[19]). Assume that Y has trivial
canonical line bundle ωY . Then, the Kuranishi family of (Y, L) is universal and
the base manifold is a smooth open set in the Euclidean space of dimension
dimCH
1(Y,ΘY )c1(L),
where H1(Y,Θ)c1(L) := Ker(H
1(Y,ΘY )
∧c1(L)−−−−→ H2(Y,OY )).
Let
f : (Y , (Y, L))→ (Z, 0)
be a family of polarized manifolds. Locally, near 0 ∈ Z, one has a commutative
diagram of period maps
Nc1(L)
ι←−− Z
❏
❏❫
Φ ✡
✡✢
ΦZ
D
Let µ0 = (dΦ)0 and λ0 = (dΦZ)0. Also we have the Kodaira-Spencer map
ρ = (dι)0.
Theorem 1.7 (Griffiths’s Infinitesimal Torelli Theorem, [5]). We have a natural
morphism
µ0 : TNc1(L),0 = H
1(Y,ΘY )c1(L) −−→
⊕
p
Hom(Hn−p,pprim , H
n−p−1,p+1
prim )
8 Y. Zhang and K. Zuo
and λ0 = µ0 ◦ ρ, where TNc1(L),0 is the Zariski tangent space. Write µ0 =
(µ00, · · · , µn0 ) where
µi0 : TNc1(L),0 = H
1(Y,ΘY )c1(L) −−→ Hom(Hn−i,iprim , Hn−i−1,i+1prim ).
If Y has trivial ωY then µ
0
0 is an isomorphism and µ0 is an injective map.
In this paper, we will use the following fact frequently: For a non-isotrivial
family of manifolds with trivial canonical line bundle, the period map is not de-
generate at a general point of the base. The Infinitesimal Torelli Theorem shows
that the condition that the period map Φ is not degenerate at 0 is equivalent to
the condition that the Kodaira-Spencer map is injective at 0.
2. Calabi-Yau type manifolds with semi-stable fibrations.
From now on, we always assume thatX is a Ka¨hler manifold with trivial canon-
ical line bundle ωX ∼= OX .
Some Facts. Let f : X → C be a semi-stable family from a projective manifold
X with trivial ωX to a smooth projective curve C. Since
ω−1C = OC(
∑
ti −
∑
tj) with #{i} −#{j} = 2− 2g(C),
we then have
ωX/C = ωX ⊗ f ∗ω−1C = f ∗ω−1C = OX(
∑
Xti −
∑
Xtj ).
Thus, f∗ωX/C = ω
−1
C and OX(Xti)|Xt = OXt(Xti · Xt) = OXt ∀t ∈ C where
Xt = f
−1(t). Hence,
ωXt = ωX/C |Xt = OXt∀t ∈ C.
i.e., the canonical sheaf of each closed fibre is trivial.
On the other hand, if all closed fibres have trivial canonical bundle then ωX is
trivial if and only if f∗ωX/C = ω
−1
C . In particular, if the total space is a Calabi-Yau
manifold, then the fibres can be Abelian varieties, lower dimensional Calabi-Yau
varieties or hyperka¨hler varieties.
Fact 2.1. Let f : X → Y be a semi-stable family of Calabi-Yau varieties over
a higher dimension base such that f is smooth over Y0 and Y \ Y0 is a reduced
normal crossing divisor. We have :
1. If the induced moduli map is a generically finite morphism, then the line
bundle f∗ωX/Y is big and nef.
2. If f is a smooth family and the induced period map has no degenerated point,
then the line bundle f∗ωX/Y is ample.
9In particular, we have:
Corollary 2.2. Let f : X → C be a semi-stable non-isotrivial family over a
smooth projective curve C, where X has trivial ωX . Then, f∗ωX/C is a big line
bundle and C is P1.
Let f : X → Y be a semi-stable proper family smooth over a Zariski open
dense set Y0 such that S = Y − Y0 is a reduced normal crossing divisor. Suppose
that X is a projective manifold. Then, a general fibre is a smooth projective
manifold with trivial canonical bundle and it has certain geometric type ‘K’. We
know that the coarse quasi-projective moduli scheme MK exists for the set of all
polarized projective manifolds with trivial canonical sheaf and with given type
‘K’ (cf.[21]).
By the infinitesimal Torelli theorem, that the family f satisfies the condition
in the corollary 1.5 if and only if the unique moduli morphism ηf : Y0 →MK for
f is a generically finite morphism. Moreover, the condition is equivalent to that
f contains no isotrivial subfamily whose base is a subvariety passing through a
general point of Y. If Y is a curve, that f satisfies the condition in the corollary
1.5 if and only if the family f is non-isotrivial. Actually, we have a result from
Kolla´r’s decomposition and the semi-positive package:
Corollary 2.3. Let f : X → Y be a surjective morphism between two non-
singular projective varieties such that every fibre is irreducible and f : X0 =
X \∆→ Y \ S be the maximal smooth subfamily where S = Y \ Y0 is a reduced
normal crossing divisor. Let F be the lowest piece F b of the Hodge filtration of a
polarized VHS Rn−1f∗(QX0) on Y0, i.e.,
F = F n−1(Rn−1f∗(QX0)⊗OY0).
Assume that X is a projective n-fold with trivial canonical sheaf ωX and f is
semi-stable, i.e., ∆ = f ∗S is a relative reduced normal crossing divisor in X..
If the moduli morphism of f is generically finite, then we have :
1. f∗Ω
n−1
X/Y (log∆) = f∗ωX/Y = F is a big and nef line bundle on Y, where F is
the canonical extension of F .
2. Moreover, for any sufficient general curve C ⊂ Y F|C is ample on C.
Recently, Zhang(cf.[25]) proves that logQ-Fano varieties are rationally con-
nected, and it implies a result which was obtained by Kolla´r-Miyaoka-Mori in
case of threefold (cf.[12]): Any higher dimensional variety with a big and nef
anticanonical bundle must be rationally connected.
Therefore, we have:
Fact 2.4. Let f : X → Y be a semi-stable proper family between two non-
singular projective varieties. Assume that X has trivial canonical sheaf ωX and
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the induced moduli morphism ηf is generically finite. Then, the anti-canonical
line bundle ω−1Y of Y is big and nef, and so Y is rationally connected.
Vanishing of unitary flat subbundles. Now we consider the cohomology ge-
ometry in case of Calabi-Yau manifolds. Before proving Theorem 0.2, we recite
Deligne’s Theory as follows:
Let f : X → Y be a semi-stable family between two non-singular projective
varieties with
f : X0 = f
−1(Y0)→ Y0
smooth, S = Y \ Y0 a reduced normal crossing divisor and ∆ = f ∗S a relative
reduced normal crossing divisor in X. Let y ∈ Y0 be a fixed point. Consider the
following commutative diagram:
Hm(X,Q)
i∗−−−−−−−−−→ Hm(X0,Q)
❏
❏❫
i
∗
y
✡
✡✢
i∗y
Hm(Xy,Q)
where iy : Xy →֒ X0, iy : Xy →֒ X are natural embeddings. Hm(X0,Q) can be
equipped with a functorial mixed Hodge structure (Wm, F
p, Hm(X0,Q)) of pure
weight m with
Wm(H
m(X0,Q)) = Image(H
m(X,Q)
i∗−−→ Hm(X0,Q)).
In addition, Hm(X,Q) Hm(Xy,Q) also have a pure Hodge structure structure of
weight m, and all of i∗, i∗y, i
∗
y are morphisms of mixed Hodge structures. It follows
that
Image(i
∗
y) = Image(i
∗
y).
(cf. Section 3, in particular Corollary 3.2.18 of [3]).
i∗y : H
m(X,Q) −−→ Hm(Xy,Q)
is a morphism of mixed Hodge structures.
We note that π1(Y0, y) acts on the H
n(Xy,Q). In particular, there is a π1-
invariant subspace
Hm(Xy,Q)
π1 →֒ Hm(Xy,Q).
We glue these invariant subspaces together into a constant sheaf I on Y0. I
coincides with the constant sheaf on Y0 with the fiber H
0(Y0, R
mf∗CX0), which is
a subsheaf of Rmf∗QX0 generated by the global sections of R
nf∗QX0 , i.e.,
I = (Rmf∗Q)π1.
There is a natural isomorphism of Q-vector spaces
κy : H
0(Y0, R
mf∗QX0)
≃−−→ Hm(Xy,Q)π1.
11
Deligne shows that Leray’s spectral sequence for f : X0 → Y0
Ep,q2 = H
p(Y0, R
qf∗QX0)⇒ Hp+q(X0,Q)
degenerates at E2(cf. Theorem 4.1.1 (i) of [3]), and so it follows that the canonical
mapping
j : Hm(X0,Q) −−→ H0(Y0, Rmf∗QX0) −−→ 0
is surjective. Moreover, i∗y and i
∗
y can be decomposed as follows :
i∗y : H
m(X0,Q)
j−−→ H0(Y0, Rmf∗QX0)
κy−−→ Hm(Xy,Q)π1 →֒ Hm(Xy,Q),
i
∗
y : H
m(X,Q)
i∗−−→ Hm(X,Q) j−−→ H0(Y0, Rmf∗QX0)
κy−−→ Hm(Xy,Q)π1 →֒ Hm(Xy,Q).
Since i∗y, i
∗
y are morphisms of mixed Hodge structure and
Image(i
∗
y) = Image(i
∗
y) = H
m(Xy,Q)
π1,
Hm(Xy,Q)
π1 , as an image of a Hodge structure, is a Hodge substructure in
Hm(Xy,Q). (cf. the proof of Theorem 4.11 (ii) of [3]).
We can introduce a Hodge structure on H0(Y0, R
mf∗QX0), as a quotient struc-
ture onHm(X0,Q). This quotient structure is independent of y ∈ Y0(cf. Corollary
4.1.2 of [3]).
Proof of Theorem 0.2. At first, we note that f∗Ω
k
X/Y (log∆) is just the canonical
extension of F k(Rkf∗(QX0)⊗OY0) which is the lowest piece of the Hodge filtration
of the VHS Rkf∗QX0 , thus f∗Ω
k
X/Y (log∆) is locally free(cf. Lemma 1 in [8]
for detail). That the polarized VHS Rkf∗QX0 is of weight k guarantees that
f∗Ω
k
X/Y (log∆) 6= 0.
By Kollar’s decomposition 1.2, we have :
f∗Ω
k
X/Y (log∆) = A⊕ U
such that A has no flat quotient and U is flat (so U is trivial here since Y is
simply connected). We show that f∗Ω
k
X/Y (log∆) has no flat direct summand :
Otherwise, there is a nonzero global section s ∈ H0(Y0, Rkf∗(C)) of (k, 0)-type.
Consider Deligne’s Hodge theory, we have the following commutative diagram:
Hm(X,C)
i∗−−−−−−−−−→ Hm(X0,C)
❏
❏❫
i
∗
y
✡
✡✢
i∗y
Hm(Xy,C)
where iy : Xy →֒ X0, iy : Xy →֒ X are natural embeddings. For each pair (p, q)
with p + q = m, the following restriction map induced by Xy ⊂ X is a Hodge
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morphism:
rp,qy : H
q(X,ΩpX)
→֒−−→ Hm(X,C) i
∗
y−−→ Hm(Xy,C)→ Hq(Xy,ΩpXy),
where y ∈ Y0 is a fixed point.
Since
Image(i
∗
y) = Image(i
∗
y) = H
m(Xy,Q)
π1(Y0,y),
we then have:
The component of type (p, q) of the group Hm(Xy,C)
π1(Y0,y) is just the image
of Hq(X,ΩpX) under r
p,q
y .
Let m = k. We then have a nonzero lifting s˜ ∈ H0(X,ΩkX) of s, it is a contra-
diction. Similarly, we have S 6= ∅. 
Corollary 2.5. Let f : X → Y be a semi-stable family between two non-singular
projective varieties with
f : X0 = f
−1(Y0)→ Y0
smooth, S = Y \ Y0 a reduced normal crossing divisor and ∆ = f−1(S) a relative
reduced normal crossing divisor in X. Assume that X is a Calabi-Yau n-fold and
Y is simply connected. Then,
a) f is a nonisotrivial family with S 6= ∅;
b) f∗ωX/Y is an ample line bundle over any sufficiently general curve.
Proof. Consider the polarized VHS Rn−1f∗(QX0). Suppose that f is isotrivial then
the holomorphic period map for the VHS Rn−1f∗(QX0) is constant over Y0 by the
infinitesimal Torelli theorem. Then the line bundle f∗ωX0/Y0 is unitary flat over
Y0. Since f is semi-stable, all local monodromies around the VHS are unipotent,
and so f∗ωX/Y is unitary flat. Since Y is simply-connected, f∗ωX/Y then is a
trivial line bundle on Y, it is a contradiction to the theorem 0.2. By similar
arguments we then obtain S 6= ∅. 
Remark. Without assumption that X is Calabi-Yau manifold and Y is simply
connected. When only X has trivial ωX , we still have the following results:
1. By infinitesimal Torelli theorem, if f is isotrivial then the line bundle f∗ωX/Y
is unitary flat .
2. Conversely, if f∗ωX/Y is unitary flat and the global Torelli theorem hold for a
general fiber (e.g. a general fiber is K3 or Abelian variety) then f is isotrivial.
Corollary 2.6. Let f : X → P1 be a semi-stable family with
f : X0 = f
−1(C0)→ C0
smooth, S = P1 \C0, and ∆ = f ∗S. Assume that X is a projective manifold with
Hk(X,OX) = 0 and the polarized VHS Rkf∗QX0 is strictly of weight k. Then,
S 6= ∅ and f∗ΩkX/P1(log∆) is an ample bundle on P1.
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Proposition 2.7. Let f : X → C be a semi-stable family over a smooth projective
curve with f : X0 = f
−1(C0)→ C0 smooth, S = C \C0, and ∆ = f−1(S). If X is
a projective n-fold with trivial ωX , then the following conditions are equivalent :
(1) f is a non-isotrivial family.
(2) f∗ωX/C is an ample line bundle on C.
(3) C = P1 and #S ≧ 3.
Proof. At first, we note that each smooth closed fibre of f has trivial canonical
sheaf, and
2− 2g(C) = deg ω−1C = deg f∗ωX/C ≥ 0.
a) (1)⇐⇒ (2) is proven as follows:
• The infinitesimal Torelli theorem holds for the VHS Rn−1f∗(QX0) because
there is an isomorphism for any t ∈ C0 :
H1(Xt, TXt)→ Hom(H0(Xt,Ωn−1Xt ), H1(Xt,Ωn−2Xt )).
• f is isotrivial⇐⇒ f∗ωX0/C0 is a unitary flat line bundle on C0.
• Since f is semi-stable, we have
f∗ωX0/C0 is unitary flat on C0 ⇐⇒ f∗ωX/C = ω−1C is unitary flat on C.
• ω−1C is unitary flat on C ⇐⇒ 0 = deg ω−1C ⇐⇒ C is elliptic.
b) (1) =⇒ (3) : Otherwise, C = P1 since C is elliptic will induce that f is
isotrivial by the above agruments. If #S ≤ 2 then the global monodromy
is generated by the locally mondromies around points in S. Since Deligne’s
complete reducible theorem(cf.[3]) says that the global monodromy is semi-
simple, it implies that all local monodromies are identity,and so the global
monodromy is trivial. Then the VHS Rn−1f∗(QX0) is trivial, which contradicts
to that f is non-isotrivial by the infinitesimal Torelli theorem.
c) (3) =⇒ (1) is obvious since that f is isotrivial is equivalent to that C is elliptic.

Remark. The proof actually implies the following equivalent conditions:
i. f is an isotrivial family;
ii. f∗ωX/C is an unitary flat line bundle on C;
iii. C is an elliptic curve.
3. Dimension counting for fibered Calabi-Yau manifolds
Calabi-Yau manifolds fibred by Abelian varieties. We now use Theorem
0.2 and its corollaries to deal with Calabi-Yau manifolds over CP1 fibred by semi-
stable Abelian varieties. We then have the dimension of such Calabi-Yau manifold
≤ 3, see Theorem 0.3.
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Proof of Theorem 0.3. Consider the Higgs bundle (E, θ) corresponding to R1f∗QX0 .
The semi-stability of f shows that all local monodromies of R1f∗QX0 are unipo-
tent, thus there is the Deligne canonical extension
E = f∗Ω
1
X/P1(log∆)
⊕
R1f∗(OX)
where ∆ = f ∗(S), and both pieces are locally free.
1. Let n = dim f−1(t). Then, n = rkf∗Ω
1
X/P1(log∆) as a general fibre is an
Abelian variety. It has been shown in 2.6 and 2.5 that f is a non-isotrivial
family and the bundle f∗Ω
1
X/P1(log∆) is ample on P
1. The Grothendieck split-
ting theorem says that there is a decomposition:
f∗Ω
1
X/P1(log∆) =
n⊕
i=1
OP1(di),
and all integers di are positive by the ampleness of the f∗Ω
1
X/P1(log∆).
On the other hand, the commutative diagram of morphisms
∧nf∗Ω1X/P1(log∆)
6=0−−−→ f∗(∧nΩ1X/(log∆))y= y=
OP1(
∑n
i=1 di)
6=0−−−→ f∗ωX/P1 .
induces that
n ≤
n∑
i=1
di ≤ deg f∗ωX/P1 .
By Zariski main theorem, f only having connected fibres is same as f∗OX =
OP1 . Hence deg f∗ωX/P1 = 2, and so the dimension of a general fibre is less
than 3.
2. If X is a Calabi-Yau threefold then
f∗Ω
1
X/P1(log∆) = OP1(1)⊕OP1(1).
There is so called Arakelov-Yau inequality (cf. [4][24]).
deg f∗Ω
1
X/P1(log∆) ≤
rkf∗Ω
1
X/P1(log∆)
2
deg(Ω1P1(log S)) = 2g(P
1)− 2 + #S.
Thus #S ≥ 4, and if #S = 4 then there is an e´tale covering π : Y ′ → P1 such
that f ′ : X ′ = X×P1Y ′ → Y ′ is isogenous over Y ′ to a product E×Y ′ · · ·×Y ′E,
where h : E → Y ′ is a family of semi-stable elliptic curves reaching the
Arakelov bound.
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3. If X is a K3 surface then
f∗Ω
1
X/P1(log∆) = f∗ωX/P1 = OP1(2).
We deduce #S ≥ 6 from the Arakelov-Yau inequality for weight one VHS:
deg f∗Ω
1
X/P1(log∆) ≤
rkf∗Ω
1
X/P1(log∆)
2
deg(Ω1P1(log S)) =
#S
2
− 1.
4. The modularity is due to recent results by Viehweg-Zuo (cf. [23]).

Now we deal with any semi-stable fiberation f : X → Y with higher dimension
base Y.We obtain the dimension of a general fibre is bounded above by a constant
dependent on Y.
Proof of Theorem 0.5. The proof follows from the next steps.
1. By 1.2, f∗Ω
1
X/Y (log∆) has no flat quotient. Moreover, f∗Ω
1
X/Y (log∆) is ample
on any sufficiently general curve in Y. We always have:
∧nf∗Ω1X/Y (log∆) = det f∗Ω1X/Y (log∆),
where n is the dimension of a general fibre and also is the rank of the locally
free sheaf f∗Ω
1
X/Y (log∆). On the other hand, the non-zero map
∧nf∗Ω1X/Y (log∆) 6=0−−→ f∗(∧nΩ1X/Y (log∆)) = f∗ωX/Y ,
induces that the line bundle ω−1Y = f∗ω
1
X/Y is big and nef. Thus Y is a
rationally connected projective manifold and so U = 0 by 0.2.
2. By Proposition 0.4, we have a very free morphism g : P1 → M which is
sufficiently general, i.e., the image curve C := g(P1) satisfies:
a) C intersects S transversely;
b) π1(C0)։ π1(Y0)→ 0 is surjective where C0 = C ∩ Y0.
3. If dim Y ≥ 3, g is an embedding and we have a very free smooth rational curve
C ⊂ Y. Since f∗Ω1X/Y (log∆) is ample over C,
f∗Ω
1
X/Y (log∆)|C ∼=
n⊕
i=1
OP1(di) with ∀di > 0.
Denote by l = −ωY · C. The commutative diagram of morphisms
∧nf∗Ω1X/Y (log∆)|C
6=0−−−→ f∗(∧nΩ1X/Y (log∆))|Cy= y=
OP1(
∑n
i=1 di)
6=0−−−→ f∗ωX/Y |C .
16 Y. Zhang and K. Zuo
induces that
n ≤
n∑
i=1
di ≤ degC f∗ωX/Y = − degC(ωY ) = l.
4. If dimY = 1, Y is then P1 and l = 2. If dim Y = 2, then Y is a smooth Del
Pezzo surface and g is an immersion by the theorem 0.4.
a) Let Γ be the graph of the morphism g, i.e.,
Γ = {(x, y) ∈ P1 ×X | y = g(x)} ⊂ P1 ×X.
Γ is a smooth curve, actually it is isomorphic to P1. We have
P1 ×X
✡
✡✢
pr1 ❏
❏❫
pr2
P1 X
and the projections pr1 and pr2 both are proper morphisms. Hence pr1 :
Γ → g(P1) is a finite morphism. Denote by C := g(P1). We then have a
finite set B ⊂ C such that g−1(B) is a finite set in P1 and
g : P1 \ g−1(B) −→ C \B
is an e´tale covering.
b) Since the real-codimension of B in Y is four, we have a natural isomorphism
of topological fundamental groups π1(Y0\B)
∼=−−→ π1(Y0), and so a surjective
homomorphism π1(C0 \B)։ π1(Y0)→ 0. Denote by
T0 := P
1 − g−1(B ∪ (C − C0)) and φ := g|T0.
We have an e´tale covering φ : T0 → C0 \B, and an injective
0 −−→ OC0\B −−→ φ∗OT0 .
Without lost generality we may assume that φ is a Galois covering, then
the above short sequence has a split and so
φ∗OT0 = OC0\B ⊕ Galois conjugates.
c) Let F = f∗Ω1X/Y (log∆) and L := g∗(F|C). Then,
L =
n⊕
i=1
OP1(di) with di ≥ 0 ∀i.
We claim that all di > 0.
Suppose that one di = 0, then φ∗(L|T0) has a nonzero flat quotient
φ∗(L|T0)։ OC0\B → 0.
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Thus, F|C0\B has a nonzero flat quotient since we have
0 −−→ F|C0\B −−→ φ∗φ∗(F|C0\B) = φ∗(L|T0).
and the projection formula
φ∗φ
∗(F|C0\B) = F|C0\B ⊗ φ∗(OT0).
The subjectivity of π1(C0 \ B) ։ π1(M) → 0 implies that F|M has a flat
quotient, and so f∗Ω
1
X/Y (log∆) itself has a unitary flat quotient. It is a
contradiction. Hence, all integers di are positive and
n ≤ − degP1 g∗ωY = −g∗[P1] · ωY = l.

Calabi-Yau manifolds fibred by hyperka¨hler varieties. Using similar meth-
ods as the case of Calabi-Yau manifolds fibred by Abelian varieties, we have the
following result :
Theorem 3.1. Let f : X → P1 be a semi-stable family fibred by hyperka¨hler
varieties with
f : X0 = f
−1(C0)→ C0
smooth, S = P1 \ C0, and ∆ = f−1(S). Assume that X is a projective manifold
with trivial canonical sheaf ωX and H
2(X,OX) = 0. Then, f is nonisotrivial with
#S ≥ 3 and the dimension of a general fibre is four.
Proof. Consider the Higgs bundle (E, θ) corresponding to R2f∗QX0 . The semi-
stability of f shows that there is the Deligne canonical extension:
E = f∗Ω
2
X/P1(log∆)
⊕
R1f∗Ω
1
X/P1(log∆)
⊕
R2f∗(OX),
such that f∗Ω
2
X/P1(log∆), R
2f∗(OX) are line bundles. By 2.6,
f∗Ω
2
X/P1(log∆) = OP1(d)
and d is a positive integer.
Let F be a general fibre and let n = dimF/2. The commutative diagram
Symnf∗Ω
2
X/P1(log∆)
6=0−−−→ f∗(∧nΩ1X/P1(log∆))y= y=
OP1(nd) 6=0−−−→ f∗ωX/P1,
induces n ≤ deg f∗ωX/P1 = 2. Thus dimF = 4 by the definition, and so
f∗Ω
2
X/P1(log∆) = OP1(1).
#S ≥ 3 is a well-known result since f is nonisotrivial. 
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Theorem 3.2. Let f : X → Y be a semi-stable family of hyperka¨hler vari-
eties between two non-singular projective varieties with f : X0 = f
−1(Y0) → Y0
smooth, S = Y \ Y0 a reduced normal crossing divisor and ∆ = f ∗(S) a relative
reduced normal crossing divisor in X. Assume that the period map for the VHS
R2f∗(QX0) is injective at one point in Y0 and X has trivial canonical sheaf ωX
with H0(X,Ω2X) = 0. Then, the dimension of a general fibre is bounded above by
a constant depending on Y.
Remark 3.3. If a fibration f : X → Y has dimX = 2n and X is a projective
irreducible sympletic manifold, then dim Y = n(cf. [14]). Here we obtain some
necessary conditions for a question asked by Naichung Conan Leung in CUHK
algebraic geometry working seminar : Does there exist a Calabi-Yau manifold
fibred by Abelian varieties (resp. hyperka¨hler varieties)?
Acknowledgements
We wish to thank Yi Hu for telling us the results in [14], and thank Eckart
Viehweg for valuable suggestions on moduli spaces and the positivity of relative
dualizing sheaves. The first author is very grateful to Shing-Tung Yau for his
constant encouragement.
References
[1] Campana, F. : Fundamental group and positivity of cotangent bundles of compact
kahler manifolds. J. Alg. Geom. 4 (1995) 487-502
[2] Cattani, E. ; Kaplan, A. ; Schmid, W. : Degeneration of Hodge structures. Ann. of
Math. (2) 123 (1986), no. 3, 457–535.
[3] Deligne, P.: The´orie de Hodge II. I.H.E´.S. Publ. Math. 40 (1971) 5–57
[4] Deligne, P.: Un the´ore`me de finitude pour la monodromie. Discrete Groups in Geometry
and Analysis, Birkha¨user, Progress in Math. 67 (1987) 1–19
[5] Griffiths,P.:Periods of Integrals on Algebraic Manifolds III, Publ.Math. IHES vol. 38
(1970),125-180
[6] Goresky, M. ; MacPherson, R. : Stratified Morse theory. Springer, 1988
[7] Kawamata, Y. : Characterization of abelian varieties. Compositio Math. 43 (1981), no.
2, 253–276
[8] Kawamata, Y. : Kodaira dimension of algebraic fiber spaces over curves. Inv. Math. 66
(1982), no.1, 57–71
[9] Kawamata, Y. : Kodaira dimension of certain algebraic fiber spaces. J. Fac. Sci. Univ.
Tokyo Sect. IA Math. 30 (1983), no. 1, 1–24
[10] Kolla´r, J. : Subadditivity of the Kodaira Dimension: Fibres of general type. Algebraic
Geometry, Sendai, 1985. Advanced Studies in Pure Mathematics 10 (1987) 361–398
[11] Kolla´r, J. : Rational curves on algebraic varieties, Springer-Verlag (1996).
[12] Kolla´r, J. ; Miyaoka, Y. ; Mori, S. : Rationally Connected Varieties, J. Alg. Geom.1
(1992), 429–448
[13] Kolla´r, J. : Fundamental groups of rationally connected varieties. Dedicated to William
Fulton on the occasion of his 60th birthday. Michigan Math. J. 48 (2000), 359–368
19
[14] Matsushita, D. : On fiber space structures of a projective irreducible sympletctic man-
ifold, Topology,38 (1999) 79-81
[15] Schmid, W. : Variation of Hodge Structure: The singularities of the period mapping.
Invent. math. 22 (1973) 211–319
[16] Simpson, C. : Constructing variations of Hodge Structure using Yang-Mills theory and
applications to uniformization. Journal of the AMS 1 (1988), 867-918
[17] Strominger,A.; Yau, S.-T. & Zaslow,E. : Mirror symmetry is T-duality. Nuclear Phys.,
B479 (1996), 243-259
[18] Tian,G. : Smoothness of the Universal Deformation Space of Calabi-Yau Manifolds
and its Petersson-Weil Metric. Math. Aspects of String Theory, ed. S.-T.Yau, World
Scientific (1998), 629-346
[19] Todorov,A. :The Weil-Petersson Geometry of Moduli Spaces of SU(n) ≥ 3 (Calabi-Yau
Manifolds) I. Comm. Math. Phys. 126 (1989), 325-346
[20] Viehweg, E.: Weak positivity and the additivity of the Kodaira dimension for certain
fibre spaces. II. The local Torelli map. In: Classification of Algebraic and Analytic
Manifolds, Progress in Math. 39 (1983) 567–589
[21] Viehweg, E. : Quasi-projective Moduli for Polarized Manifolds. Ergebnisse der Mathe-
matik, 3. Folge 30 (1995), Springer Verlag, Berlin-Heidelberg-New York
[22] Viehweg, E. ; Zuo, K. : On the isotriviality of families of projective manifolds over
curves, J. Alg. Geom. 10 (2001) 781-799
[23] Viehweg, E. ; Zuo, K. : A characterization of certain Shimura curves in the moduli
stack of abelian varieties. J. Differential Geom. 66 (2004), no. 2, 233–287.
[24] Viehweg, E. ; Zuo, K. : Families over curves with a strictly maximal Higgs field. Asian
Journal of Mathematics, 7(2003), No.4, 575-598.
[25] Zhang, Q. : Rational connectedness of log Q-Fano varieties. J. Reine Angew. Math. 590
(2006), 131–142.
[26] Zhang, Y. : On families of Calabi-Yau manifolds. Ph.D thesis 2003, The Chinese Uni-
versity of Hong Kong.
[27] Zuo, K. : On the Negativity of Kernels of Kodaira-Spencer Maps on Hodge Bundles
and Applications. Asian Journal of Mathematics, Vol. 4,(2000), No.1, 279-302
School of Mathematical Sciences, Fudan University, Shanghai, 200433, People’s Republic of
China
E-mail address : zhangyi math@fudan.edu.cn
Faculty of Mathematics & Computer Science, Johannes Gutenberg Universitaet Mainz,
Staudingerweg 9, D-55128 Mainz, Germany
E-mail address : kzuo@mathematik.uni-mainz.de
